We nd conditions on topological inverse semigroups X, Y guaranteeing the continuity of any homomorphism h : X → Y having continuous restrictions to any subsemilattice and any subgroup of X.
Introduction
This paper was motivated by the following old result of Yeager [10] who generalized an earlier result of Bowman [4] .
Theorem 1.1 (Yeager). A homomorphism h : X → Y between compact topological inverse Cli ord semigroups is continuous if and only if for any subgroup H ⊂ X and any subsemilattice E ⊂ X the restrictions h|H and h|E are continuous.
Let us de ne a homomorphism h : X → Y between topological semigroups to be EH-continuous if -the restriction h|E X to the set of idempotents of X is continuous; -for every subgroup H ⊂ X the restriction h|H is continuous.
In terms of EH-continuity, Theorem 1.1 says that each EH-continuous homomorphism h : X → Y between compact topological inverse Cli ord semigroups is continuous. For compact topological inverse Cli ord semigroup X with Lawson maximal semilattice E X = {x ∈ X : xx = x} this result of Yeager was proved by Bowman [4] in 1971. In [3] , the Bowman's result was generalized to non-compact case. Namely, the authors proved the continuity of any EH-continuous homomorphism h : X → Y from a topological inverse Cli ord U-semigroup X to a ditopological inverse semigroup Y. Another result of [3] states that each EH-continuous homomorphism h : X → Y from a topological inverse U -semigroup X to a ditopological inverse semigroup Y is continuous. A topological inverse semigroup X is an U-semigroup (resp. U -semigroup) if its maximal semilattice E(X) is a U-semilattice (resp. a U -semilattice). Ditopological inverse semigroups were introduced and studied in [1] . In this paper we shall introduce weakly ditopological inverse semigroups and prove the continuity of any EH-continuous homomorphism h : X → Y from a topological inverse U * -semigroup X to a weakly ditopological inverse semigroup Y. Topological inverse U * -semigroups are introduced in Section 2 and weakly ditopological inverse semigroups are introduced in Section 3. In Example 3.4 we shall construct a weakly ditopological inverse semigroup, which is not ditopological. The main result (Theorem 4.1 on the continuity of EH-continuous homomorphisms) is proved in Section 4. In Section 5 we apply Theorem 4.1 to establish the continuity of Souslin-measurable homomorphisms between topological inverse semigroups.
Preliminaries

Semigroups.
A semigroup is a non-empty set endowed with an associative binary operation. A semigroup S is called -inverse if for every x ∈ S there is a unique element x − ∈ S such that x = xx − x and x − = x − xx − ;
-Cli ord inverse if it is inverse and xx
-a semilattice if it is commutative and every element x ∈ S is an idempotent, that is xx = x.
Each semilattice E carries the natural partial order ≤ de ned by x ≤ y i xy = yx = x. For a point x ∈ E let ↓x = {y ∈ E : y ≤ x} and ↑x = {y ∈ E : x ≤ y} be the lower and upper cones of x, respectively. For a semigroup S by E(S) = {e ∈ S : ee = e} we denote the set of idempotents of S and for each idempotent e ∈ E(S) let He = {x ∈ S : ∃y ∈ S xy = e = yx, xe = x = ex, ye = y = ey} be the maximal subgroup of S containing e. If the semigroup S is inverse, then the maximal group He can be written as He = {x ∈ S : xx − = e = x − x}.
Two elements x, y of an inverse semigroup S are called conjugated if there exists an element s ∈ S such that x = sys − and y = s − xs. For an element x ∈ S let A homomorphism between semigroups X, Y is a function h : X → Y preserving the operation in the sense that h(x·y) = h(x)·h(y) for all x, y ∈ X. The uniqueness of the inverse element in an inverse semigroup implies that each homomorphism h : X → Y between inverse semigroups preserves the inversion in the sense that h(x − ) = h(x) − for all x ∈ X. More information on inverse semigroups can be found in [8] .
A topological semigroup is a semigroup S endowed with a topology making the semigroup operation · : S × S → S continuous. A topological inverse semigroup is an inverse semigroup S endowed with a topology making the multiplication · : S × S → S and the inversion ( ) − : S → S continuous.
A topological semilattice E is Lawson if open subsemilattices form a base of the topology of E. For an element e of a topological semilattice E by ⇑e we denote the interior of the upper cone ↑e in E. An element e ∈ E of a topological semilattice E is called locally minimal if its upper cone ↑e is open in E. In this case ⇑e = ↑e. More generally, we shall say that an idempotent e ∈ E is locally minimal in a subset A ⊂ E containing e if e has a neighborhood Ve ⊂ E such that Ve ∩ A ⊂ ↑e.
A topological semilattice E is called a -a U-semilattice if for each point x ∈ E and its neighborhood U ⊂ E there exists an idempotent e ∈ U such that x ∈ ⇑e; -a U -semilattice if for each point x ∈ E and its neighborhood U ⊂ E there exists a locally minimal idempotent e ∈ U such that x ∈ ↑e.
It is clear that each U -semilattice is a U-semilattice. By [5, 2.12], each locally compact Lawson semilattice is a U-semilattice and each compact U-semilattice is Lawson. On the other hand, each locally compact zerodimensional topological semilattice is a U -semilattice, see [5, 2.6] . A topological inverse semigroup S is called a -a U-semigroup if its maximal semilattice E(S) is a U-semilattice; -a U -semigroup if its maximal semilattice E(S) is a U -semilattice; -a U * -semigroup if for any idempotent x ∈ E(S) and any neighborhood U ⊂ E(S) of x there exists an idempotent e ∈ E(S) such that x ∈ ⇑e and e is locally minimal in its conjugacy class e S = {f ∈ E(S) :
∃s ∈ S f = ses − , e = s − fs} in the sense that for some neighborhood Ve ⊂ E(S) of e we get Ve ∩ e It is clear that for each topological inverse semigroup S we get the implications
A topological inverse Cli ord semigroup S is a U * -semigroup if and only if it is a U-semigroup. This follows from the observation that for any idempotent e ∈ E(S) the conjugacy class e S of e is the singleton {e} (as e commutes with all elements of the inverse Cli ord semigroup S).
(Weakly) ditopological inverse semigroups
For two subsets A, B of a semigroup S consider the subsets
which can be thought as the results of left and right division of A by B in the semigroup S.
For an inverse semigroup S consider the unary operations
and observe that
The equality ({xx
motivates the following de nition, which was rst introduced in [1] .
De nition 3.1. A topological inverse semigroup S is called ditopological if it satis es one of the following equivalent conditions:
-for any point x ∈ S and neighborhood Ox ⊂ S of x there exist a neighborhood Ux ⊂ S of x and a neighborhood W xx − ⊂ E(S) of the idempotent λ S (x) = xx − such that
-for any point x ∈ S and neighborhood Ox ⊂ S of x there exist a neighborhood Ux ⊂ S of x and a
Ditopological inverse semigroups were introduced in [1] and studied in [1] , [2] , [3] . By [1] , the class of ditopological inverse semigroups contains all compact topological inverse semigroups, all topological groups, all topological semilattices, and is closed under taking Cli ord subsemigroups, Tychono products, reduced products and semidirect products. Next, we introduce a new notion of a weakly ditopological inverse semigroup.
De nition 3.2.
A topological inverse semigroup S is de ned to be weakly ditopological if it satis es one of the following equivalent conditions: -for any point x ∈ S and neighborhood Ox ⊂ S of x there exist a neighborhood Ux ⊂ S of x and neighborhoods W xx − , W x − x ⊂ E S of the idempotents xx
-for any point x ∈ S and a neighborhood Ox ⊂ S of x there exist a neighborhood Ux ⊂ S of x and neighborhoods W xx − , W x − x ⊂ E S of the idempotents xx Proof. The semigroup S is an inverse subsemigroup of the inverse semigroup HI k (R) of homeomorphisms f : dom(f ) → ran(f ) between compact subsets dom(f ) and ran(f ) of the real line. For two elements f , g ∈ HI k (R) their composition f •g is the homeomorphism with dom(f
We identify each homeomorphism f ∈ HI k (R) with its graph {(x, f (x)) : x ∈ dom(f )} ⊂ R × R and endow the semigroup HI k (R) with the Vietoris topology, which is generated by the subbase consisting of the sets {f ∈ HI k (R) : f ⊂ U} and {f ∈ HI k (R) : f ∩ U ≠ ∅} where U runs over open subsets of the plane R × R. It is well-known [7, 4.5.23 ] that the Vietoris topology on HI k (R) is metrizable.
be the standard Cantor set. For every n ∈ ω consider the closed-and-open subset Cn = {x ∈ C : x < − n } of the Cantor set C and let fn : C → R be the map de ned by
Let S be the inverse subsemigroup of HI k (R), generated by the set {fn : n ∈ ω}. Observe that for any n, m ∈ ω the composition fn • fm is the empty homeomorphism (as ran(fn) ∩ dom(fm) = ∅). Also observe that f − n fn is the identify homeomorphism eω of C. If n ≠ m, then f − n fm coincides with the identity homeomorphism e k : C k → C k of the set C k for k = min{n, m}. These observations imply that
Next, observe that for n ≥ k we get fn e k = f e k and e k f − n = e k f − . This implies that
It is easy to see that the sequence of idempotents (e k ) k∈ω converges to the idempotent eω in the space S. Moreover, for every n, m ∈ ω the sequences (fn e k ) k∈ω , (
, respectively. Using these facts it can be shown that S is a topological inverse semigroup.
To see that S is not ditopological, observe that the sequence (fn)n∈ω does not converge to f . Yet f − n fn = eω = limn→∞ en and fn en = f en → f as n → ∞.
To see that S is weakly ditopological, it su ces to show that a sequence {xn}n∈ω ⊂ S contains a subsequence convergent to a point x ∈ S if limn→∞ xn x 
The continuity of EH-continuous homomorphisms with values in weakly ditopological inverse semigroups
In this section we prove the main result of the paper and derive some corollaries. Let us recall that by a topological inverse U -semigroup we understand a topological inverse semigroup whose maximal semilattice is a U -semilattice. By [3, 6.2] , every EH-continuous homomorphism h : X → Y from a topological inverse U -semigroup X to a ditopological inverse semigroup Y is continuous. The following theorem generalizes this result in two directions (weakening the requirements both on X and Y). 
of x has the desired property: h(Ox) ⊂ Oy. 
Taking into account that h(e) ∈ h(W xx − ) ⊂ W yy − and h(e)h(zx − x) = h(ezx − x) ∈ Wy, we conclude that
The de nition of the neighborhood Ox guarantees that λ X (z) ∈ W xx − and ρ X (z)
Since topological inverse U -semigroups and topological inverse Cli ord U-semigroups are U * -semigroups, The following automatic continuity theorem can be found in [9] .
Theorem 5.1 (Noll) . Each Souslin-measurable homomorphism h : X → Y from a paracompact Čech-complete topological group X to a topological group Y is continuous.
